PACS. 75.40.Gb -Dynamic properties (dynamic susceptibility, spin waves, spin diffusion, dynamic scaling, etc.). PACS. 05.20.-y -Classical statistical mechanics. PACS. 75.10.Nr -Spin-glass and other random models.
Disordered elastic systems offer many experimental realizations and are also of theoretical interest as prototype models for glasses induced by quenched disorder. The competition between the structural order and substrate impurities results in pinning, complex ground states, barriers and ultra slow glassy dynamics. While ground-state, equilibrium dynamics, and driven-steady-state properties have been much studied theoretically, much less is known about the dynamics before the steady state is reached, or about the aging dynamics. If universality is shown there, it would be of high interest for numerous experimental systems, e.g. magnetic domain wall relaxation [1] , superconductors [2] , contact line depinning [3] , density waves [4] .
Numerical studies of glassy dynamics are hampered by high barriers in configuration space resulting in ultra-long time scales making comparison with theory uncertain. In some cases, however, faster, but still interesting dynamics occurs. One is zero temperature, T = 0, driven dynamics near the depinning transition where barriers disappear [5] . Recent theoretical progress has been achieved there. Functional renormalization group (FRG) studies give more precise and consistent predictions [6] , corroborated by powerful new algorithms which allow for excellent determination of steady-state exponents [7, 8] . One aim of this paper is to extend the FRG to dynamics away from steady states, and to show that interesting universal twotime dynamics (analogous to the aging dynamics in non-driven situations) also occurs near depinning. We predict new exponents and scaling functions in the critical regime.
A second case where T > 0 dynamics has been investigated is the "marginal glass" phase exhibited by topologically ordered 2D periodic systems as captured by the Cardy-Ostlund (CO) model [9] . Barriers there grow only logarithmically with size allowing for precise numerics [10] . The equilibrium [11] and aging [12] dynamics were studied using Coulomb gas RG methods, but only near the glass transition temperature T g [13] . A numerical study has confirmed some of the RG predictions, and in addition has explored the full temperature regime [14] . The dynamical exponent was found to diverge as z ∼ 1/T at low T . One aim of this paper is to show this result within a simple one-loop FRG, and to obtain detailed predictions for the aging regimes at low T . This study, together with the rather good agreement with numerics, is also important as indirect evidence for a recent hypothesis that a "thermal boundary layer" (TBL) in the field theory controls the activated dynamics of (more strongly) pinned manifolds [15] .
The overdamped dynamics of a single-component elastic manifold of internal dimension d, parametrized by a height field u(x, t) ≡ u xt is described by
where (2) and the response R q tt to a small external field h −qt ,
where ·· and ·· denote, respectively, averages with respect to disorder and thermal fluctuations. In the following, R
2 (t−t )/η (respectively, C q tt ) denote the bare response function (respectively, correlation), i.e. in the absence of disorder. We now specify the time regime t, t .
In the first situation studied below, i.e. an interface very near the depinning threshold, we set T = 0 in (1) . Numerical simulations of a manifold of internal size L are typically performed on a cylinder, i.e. with periodicity in u ∼ u + W with W ∼ L ζ . After a time empirically of order fixed number of turns, i.e. τ L ∼ L z according to scaling (z the dynamical exponent), the system reaches a unique global time-periodic steady state which has been extensively studied [7, 8] . Here we are interested instead in the dynamical regime before this steady state is established, i.e. in the limit of times t, t very large compared to microscopic time scales a z , and such that
where ξ ∼ |f − f c | −ν is the scale above which interface motion becomes uncorrelated, i.e. we mainly focus on the critical regime of highly correlated avalanche motion ( fig. 1 ). In the computation of the correlations (2) and response (3), we will be interested in the scaling limit q/Λ 0 1, keeping the scaling variables
fixed. In the context of the depining transition, the domain of validity of our approach is depicted in fig. 1 . To study the second situation, i.e. the relaxational dynamics of the d = 2 Cardy-Ostlund model, we set f = v = 0 in (1), ∆(u) being a periodic function of period unity. The superrough glass phase [11] for T < T g is, within RG, described by a line of finite-temperature fixed points (FP). Recently, we have obtained analytically [12] C q tt (2) under the scaling form
where FC(w, u) is a universal [16] scaling function, which was recently confirmed by numerics [14] in a wider range of temperature. And although the numerically measured exponents z CO and λ were found to be in good agreement with one-loop RG predictions near T g , significant deviations were found to occur at lower T . In addition, the (connected) structure factorC q tt is obtained from eq. (6) in the limit w → 0, u → 1 keeping w/(u − 1) = q zCO t fixed. Therefore, the dynamical exponent z CO associated to equilibrium fluctuations coincides with the one associated to non-equilibrium relaxation, which was numerically computed in ref. [14] .
In both cases eq. (1) is studied using the standard dynamical (disorder averaged) MSR action. Correlations (2) and response (3) are obtained as functional derivatives of the dynamical effective action Γ [u,û] . It is perturbatively computed [12] using the Exact RG equation (ERG) associated to the multi-local operators expansion introduced in [17, 18] and extended to non-equilibrium dynamics in [12] . The ERG equations are obtained by varying an infrared (large-scale) cutoff Λ l = Λ 0 e −l introduced in the bare response and correlation functions (R → R l , C → C l ). The information about non-equilibrium dynamics is contained in the interacting part of Γ:
where only the solution of the ERG equation to lowest order in ∆ ≡ ∆ l and to one loop is needed here. It reads:
As in [12] we need however the FRG equation for the "statics" part to one loop and next order. It has the standard form:
where one defined the rescaled, dimensionless disorder∆ 
where the fixed-point self-energy is Σ tt = δF lt [ux] δu xt | u=0 and the disorder-noise kernel D tt = ∆ ltt (u = 0) are local in space to this order of computation.
We first apply the above equations to the case of the depinning transition, just above threshold f = f + c . In that case, one further introduces a small finite velocity v → 0 + in the above equations (shifting u xt → u xt + vt everywhere). Equation (9), setting T = 0 reaches the standard one loop FP for depinning transition with ζ dep = /3. This FP function being non-analytic at u = 0, this results in Σ tt = R x=0 ltt ∆ (0 + ) using the limit v = 0 + . We can now solve the equation for R q tt (10) , perturbatively in the disorder, as in [12] , and obtain a solution consistent with the scaling form
with z − 2 = −∆ * (0 + ) and the novel exponent θ R associated to large-time off-equilibrium relaxation:
scaling function, whose expression is given at one loop order by
where Ei(w) is the exponential integral function, with the large w power law behavior F R (w) ∝ w −2 . This one-loop scaling form q z−2 F R (q z (t − t )) (12) can be written as the Fourier transform, with respect to time variable of 1/(q 2 + Σ(iω)) with Σ(s) = s 2/z + s + O(s 2 ). Such scaling forms (12) arise in the context of critical points [19] . Solving eq. (10) 
where
R are non-universal, Λ 0 -dependent, amplitudes (the logarithmic corrections coming from the large-w behavior of F R (w, u)). At this order, (15) is compatible with local scale invariance arguments [20] . Note, however, that at this order (15) could also be written as [21] [14] . The curves FRG1 and FRG2 correspond to our one-loop FRG estimate as explained in the text. For comparison, we have plotted in dashed line the result of the one-loop RG calculation in the vicinity of Tg [11] . 
where a priori θ C = O( ) which, as F C (w, u) is already of order O( ), requires a second-order calculation [22] . We now focus on the relaxational dynamics (1) of random periodic system, at low temperature. We first start by deriving the low-T expression of the equilibrium dynamical exponent z CO . It is given by the one-loop FRG equation (9) together with ∂ l ln η l = −∆ (0) = z CO − 2. We will specialize to d = 2 (we remind S 2 = 1/(2π)) thus = 2 and thereforeT l =T = T /(2πc) is not flowing. In that case, there is a line of fixed points∆ * T (u) indexed by temperature, analyzed in ref. [23] , for T < T g . The transition at T = T g can be analyzed in the Fourier representation∆(u) = n =0∆ n cos(2πnu), the linear part of eq. (9) being
. The transition corresponds to the lowest harmonic becoming relevant. At any temperature the fixed-point solution of (9) can be written in that case: 
It implies that as T → 0,∆ * (0) ∼ − ∆ * T =0 (0)/T which gives, usingT = T /(2π 2 T g ), the one-loop estimate( 1 ):
We now compute the response R q tt (3) and the correlation C q tt (2) for the relaxational dynamics defined by eq. (1) . By solving to first order in the disorder eqs. (10), (11) for the present case, one obtains, in the limit q/Λ 0 1 keeping q z (t − t ), t/t fixed, the same result as for the the depinning (12), (16) with the substitution of the exponents z and θ R by z CO given by eq. (19) and θ CO given to one loop, as T → 0 by
For the present case where T = 0, the connected correlation functionC 
and γ E is the Euler constant. The exponent λ in eq. (6) is defined such that lim u→∞ FC(w, u) = FC ,∞ (w) with, in the limit T → 0,
Given the scaling form obtained, and the discussion below eq. (6), it is thus consistent to compare our results for the equilibrium exponent z CO (19) to its value obtained in the numerical simulation of ref. [14] . This comparison is shown in fig. 2 . We compare the numerical results both to the low-T expansion of z CO (19) , extrapolated to all temperatures (FRG2), and to the full expression of z CO where the value of −T ∆ * (0) is obtained from the numerical solution, at finite T -although only valid at low T -of eq. (18) (FRG1). Both FRG estimates suggest a rather good agreement, at low T , with numerics.
Finally, we can evaluate the non-trivial Fluctuation Dissipation Ratio (FDR) X q tt defined from the connected correlation (i.e. such that X q tt = 1 at equilibrium) and found to take the form (X
In the limit t/t 1, keeping q z (t − t ) fixed, one obtains, in the low-T limit, using (12) , (22):
( 1 )This prefactor is estimated for a hard cut-off or equivalently using Wilson procedure.
independently of w, a consequence of (22) . Notice also the identity, given the value of z CO (19), obtained here up to one loop, z CO = 1 X∞ . This relation was also found in the vicinity of T g [12] and is consitent with numerical simulations at low T [14] .
In conclusion, we have defined and computed new universal exponents and scaling form for driven interfaces near the depinning transition. We also showed that the one-loop truncation of the FRG yields a good approximation to numerics for low-T aging dynamics of the pinned periodic manifold in d = 2. Further numerics near depinning and investigations of other predictions of the TBL picture (e.g. barrier fluctuations), together with more precise RG calculations, would be of high interest.
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